In a recent paper, Pawale [22] investigated quasi-symmetric 2-(v, k, λ) designs with intersection numbers x > 0 and y = x + 2 with λ > 1 and showed that under these conditions either λ = x + 1 or λ = x + 2, or D is a design with parameters given in the form of an explicit table, or the complement of one of these designs. In this paper, quasi-symmetric designs with y − x = 3 are investigated. It is shown that such a design or its complement has parameter set which is one of finitely many which are listed explicitly or λ ≤ x + 4 or 0 ≤ x ≤ 1 or the pair (λ, x) is one of
Introduction
Let D be a 2-(v, k, λ) design. Here as usual, v denotes the number of points of D, k the block size and λ the number of occurrences of pairs of points in the blocks of D. For general notation and concepts in design theory, we refer to Beth, Jungnickel, and Lenz [2] or Hughes and Piper [7] . A design with v = b (equivalently r = k) is known as a symmetric 2-(v, k, λ)-design. The intersection numbers of 2-(v, k, λ)-design are the cardinalities of the intersection of any two distinct blocks. It is well known that a 2-(v, k, λ)-design is symmetric if and only if D has exactly one intersection number (=λ). Let x and y be non-negative integers with x ≤ y < k. A design D is called quasisymmetric with intersection numbers x and y if any two distinct blocks of D intersect in x or y points and both intersection numbers are realized. We refer to Shrikhande and Sane [26] as a basic reference on quasi-symmetric designs. A quasi-symmetric design is called proper if x = y and improper otherwise. Clearly symmetric designs are improper quasi-symmetric designs and any 2-(v, k, 1) design with b > v is a proper quasi-symmetric design with x = 0 and y = 1. Thus linear spaces, that is 2-(v, k, 1) designs, give examples of proper and improper quasi-symmetric designs.
A 2-(v, k, λ) design is called resolvable if its blocks can be partitioned in subsets called parallel classes such that each parallel class partitions the point set. A partition of the blocks is called a parallelism with blocks in the same class being parallel. Two distinct parallel blocks are disjoint. If further, any two blocks from different parallel classes intersect in a constant number y (say) of points, the design is called affine. Affine designs are thus quasi-symmetric with x = 0 and y.
Examples of quasi-symmetric designs which are not symmetric, or affine designs, or linear spaces are rather rare, so construction methods of quasi-symmetric designs are of interest. The problem of classifying quasi-symmetric 2-designs, even for the case x = 0 appears to be a difficult open problem. As a consequence, one approach in the study of such designs has been to put additional parametric or structural restrictions. Baartmans and Shrikhande [1] ; Limaye, Sane, and Shrikhande [11] ; Mavron and Shrikhande [13] ; Cameron [6] ; Sane and Shrikhande [24] ; McDonough and Mavron [16] ; Mavron, McDonough and Shrikhande [14] are some papers where additional structural conditions are imposed. Pawale [21] studies quasi-symmetric 2-designs satisfying a parametric condition of the form y − x has a fixed value.
In a recent preprint, Pawale [22] obtained a parametric classification of proper quasisymmetric 2-designs with y − x = 2, with x > 0 and λ > 1. It is shown in [22] that if D is a quasi-symmetric 2-design with these conditions, then either λ = x + 1 or λ = x + 2, or D is a design with parameters given in the form of an explicit table, or the complement of one of these designs.
Suppose now that y = x + 3 in a proper quasi-symmetric 2-design. The following are the currently known examples of such designs: The affine 2 − (27, 9, 4) designs considered by Lam and Tonchev [10] with x = 0 and y = 3; the geometric 2-(121, 13, 13) design D = P G 2 (4, 3) of points and planes of the projective space P G(4, 3), with x = 1 and y = 4; a non-geometric 2-(121, 13, 13) design with x = 1, y = 4 given in Jungnickel and Tonchev [8] , which is a special case of an infinite class of quasi-symmetric designs with x = 1, y = q + 1, where q is a prime power, with parameters the same as those of the geometric design P G d (2d, q) ; a class of quasi-symmetric 2-(66, 30, 29) designs with x = 12 and y = 15 and a class of quasi-symmetric 2-(78, 36, 30) designs with x = 15 and y = 18 constructed by Bracken, McGuire and Ward [3] . See also McDonough, Mavron and Ward [17] for an alternative description of quasi-symmetric designs with these parameters.
In this paper, we investigate quasi-symmetric 2-designs with y−x = 3, with a goal towards obtaining parametric classification of such designs. Calculation was greatly facilitated by the computer algebra system Maxima [15] . Section 2 contains preliminary results needed. The main results, which are to be found in Section 3 and Section 4, are the following: Theorem 3.1. Let D be a proper quasi-symmetric design with standard parameters and let y = x + 3. If x ≥ 31, then λ ≤ x + 14.
Theorem 3.2. Let D be a proper quasi-symmetric design with standard parameters and let y = x + 3. If x ≥ 28 and λ ≥ x + 5, then
Theorem 3.3. Let D be a proper quasi-symmetric design with standard parameters and let y = x + 3. Then either λ ≤ x + 4 or x ≤ 30 or the set of parameters of D is one of the six listed in Table 1 . Tables 3 and 4 or (λ, x) is one of the "exceptional" pairs (7, 2), (8, 2), (9, 2), (10, 2), (8, 3) , (9, 3) , (9, 4) and (10, 5) .
Theorem 4.6. There are no proper triangle-free quasi-symmetric designs with non-zero intersection numbers x and y with y = x + 3.
Preliminaries
Throughout this paper, we consider a proper quasi-symmetric design with standard parameters (v, k, λ, r, b, x, y, a). This means that v is the number of points, b is the number of blocks, k is the number of points on a block, r is the number of blocks on a point, λ is the number of blocks on a pair of points, λ > 1, x and y are the sizes of intersections of pairs of blocks, each of x and y occurs as the size of a block intersection, 0 ≤ x < y < k and a is the number of blocks intersecting a given block in a set of size y. The complementary design of a quasi-symmetric design with parameters (v, k, λ, r, b, x, y, a) is a quasi-symmetric design with parameters (v, v−k, b−2r+λ, b−r, b, v−2k+x, v−2k+y, a). Consequently, either a design or its complement will have a block size which is no more than half of the size of the set of points. We may also refer, more briefly, to the quintuple (v, k, λ, r, b) as the set of design parameters. It will be convenient to assume that 2k ≤ v.
Lemma 2.1. Let D be a proper quasi-symmetric design with standard parameters. Then
The remaining parts are well known and their proofs can be found in [26] .
Using Lemma 2.1 (iii), (iv) and (v), we get the following lemma.
Lemma 2.2. Let D be a proper quasi-symmetric design with standard parameters. Then
Moreover, a < b − 1.
Lemma 2.3. Let D be a proper quasi-symmetric design with standard parameters. Then
(v) Since y < k, there are no repeated blocks. Now apply [26, Theorem 3.16] .
Lemma 2.4. Let D be a proper quasi-symmetric design with standard parameters. Then
, the result follows.
Calderbank [4, 5] has developed some very useful necessary conditions for the existence of a quasi-symmetric design on its parameters. We list three of these in the following theorems. 
and v and (−1) (v−1)/2 are squares (mod p).
Difference 3
From Lemma 2.3, λ ≥ x + 1 and k ≥ 2x + 1.
. Moreover, the discriminant ∆ = b 2 1 − 4a 1 c 1 must be a perfect square. Letting y = x + 3 and λ = x + p, we get ∆ as a polynomial function of k, x and p, with degree 4 in k. We will show that if x and p are sufficiently large then ∆ is negative; so, a lower bound on x will imply an upper bound on p. We will also show that if x and p are sufficiently large and then r is suitably bounded above. Proof. In this case,
Throughout the proof we assume that x ≥ 31. We will show that if λ ≥ x + 15 then ∆ < 0.
Let
We write x = 31 + ζ. Then F (3) (2x + 1, x) = −48(ζ + 29)(3ζ + 94) < 0 for ζ ≥ 0. So
and repeatedly applying the preceding argument, we get F (k, x) < 0 for k ≥ 2x + 1. Hence, for x ≥ 31 and k ≥ 2x + 1, λF (k, x) + G(k, x) decreases as λ increases. We will show that λF (k, x) + G(k, x) < 0 when λ = x + 15, and hence λF (k, x) + G(k, x) < 0 when λ ≥ x + 15.
We now consider the case in which
Denoting partial derivatives with respect to k as before, we find H (4) (k, x) = −96(11x − 15) < 0 when x ≥ 2.
H (2) (2x + 1, x) = −24(40ζ 3 + 3527ζ 2 + 103205ζ + 1001518).
and H(2x + 1, x) < 0. By an argument used earlier, H(k, x) ≤ H(2x + 1, x) < 0 for all k ≥ 2x + 1. Thus, when x ≥ 31 and λ ≥ x + 15, ∆ < 0. Since this is impossible, λ < x + 15 when x ≥ 31.
We should mention that the above theorem is a particular case for y = x + 3 of a general result of Pawale [21] , with an improved upper bound. Theorem 3.1 of [21] 
Proof. We consider the function
We will now compute K (i) (2x + 1, x, λ) for i = 0, . . . , 3 and we will observe that they are all negative. Thus K (i) (2x + 1, x, λ) < 0 for all k ≥ 2x + 1 when x ≥ 28 and λ ≥ x + 5.
Replacing x by 28 + ζ and λ by 33 + η + ζ, we get We have established that ∆ < (9x(x + 3)(k − 1)) 2 when x ≥ 28 and λ ≥ x + 5. From
2 (x + 1)), r < 9/2 + λ(2k
Theorem 3.3. Let D be a proper quasi-symmetric design with standard parameters and let y = x + 3. Then either λ ≤ x + 4 or x ≤ 30 or the set of parameters of D is one of the six listed in Table 1 .
Proof. Assume that x ≥ 31 and λ ≥ x + 5. By Theorem 3.1, λ ≤ x + 14. ∆ = λL(k, x, λ) where L(k, x, λ) = λF (k, x) + G(k, x) and F (k, x) and G(k, x) are as in the proof of Theorem 3.1. Then L(k, x, λ) = 4k
We now write x = 31 + ζ and λ = 36 + η + ζ, where ζ ≥ 0 and 0 ≤ η ≤ 9. Then Thus L(k, x, λ) < 0 for all k ≥ 8x − 17. Consequently, ∆ < 0 and there is no design with k ≥ 8x − 17, λ ≥ x + 5 and x ≥ 31.
We must now consider 2x
That is, (x + 5 + η)(2k
< k + 25 + 9η. Combining this with the inequality in Theorem 3.2, we get k + 1 ≤ r ≤ k + 29 + 9η.
Write r = k + t. Then 1 ≤ t ≤ 29 + 9η. From Lemma 2.1 (vi), k is a factor of r(λ − r). Hence, k is a factor of t(x + 5 + η − t). Write s = t(x + 5 + η − t)/k. Since x + 5 + η − t ≥ x − 24 − 8η ≥ x − 24 > 0, x + 5 + η − t ≤ x + 14 < 2x and k ≥ 2x + 1, 1 ≤ s < t. Note also that 3 is a factor of r − k − λ + x = t − η − 5
Substituting k = t(x + 5 + η − t)/s, r = k + t, λ = x + 5 + η and y = x + 3 into the quadratic equation for r in Lemma 2.4, we get a polynomial equation in x whose coefficients involve η, s and t. We examine each of these for η = 0, . . . , 9, t = 1, . . . , 29+9η and s = 1, . . . , t − 1, and find six cases in which there is an integer solution x ≥ 31 with Table 1 .
We now consider the cases 2 ≤ x ≤ 30. Tables 3 and 4 or (λ, x) is one of the "exceptional" pairs (7, 2), (8, 2), (9, 2), (10, 2), (8, 3), (9, 3), (9, 4) and (10, 5).
Proof. Recall from the proof of Theorem 3.1 that ∆ = λ(λF (k, x) + G(k, x)), where
is a decreasing function of λ. Hence we can find an integer λ x such that ∆ < 0 when k ≥ k x and λ ≥ λ x . Hence, we must have either k < k x or λ < λ x .
Writing x = 2 + ζ and k = 5x + 8 + ξ, we get F (k, x) = −4(ζ + 1)ξ 6248). So, we may take λ x = x + 500. In most cases, we can find smaller values for λ x and k x than are given by these general formulas. Table 2 contains such smaller values for λ x and k x .
We now consider all values of k satisfying k ≥ 2x+1, k ≥ x+4 and k ≤ k x and all values of λ satisfying λ ≥ x+1, λ ≤ k(k −1)/2 and λ ≤ −G(k, x)/F (k, x), if F (k, x) < 0. For each such choice we determine ∆ and, if it is a perfect square, determine the two corresponding rational numbers −b 1 ± √ ∆ 2a 1 which are possible values for r. Corresponding value for v and b are then determined. There are ten such parameter sets meeting all the basic integrality requirements, v ≥ 2k and the Calderbank requirements. Of these ten, three satisfy the equation b = v(v − 1)/2. From [26, Theorems 3.16 and 9.5], there are no designs corresponding to these parameter sets. The remaining eight parameter sets are listed in Table 3 .
Next, we take a fixed x satisfying 2 ≤ x ≤ 30 and a fixed λ satisfying x + 5 ≤ λ ≤ λ x . We show that for most such pairs (λ, x) we can put an upper bound on the value of k for which a design exists. Again, we do this by showing that ∆ < 0 for sufficiently large k.
In this case,
(λ − x − 4)(x − 1) > 4 then we can find k λ,x such that λF (k, x) + G(k, x) < 0, and hence ∆ < 0, when k ≥ k λ,x . We now consider the pairs (λ, x) for which (λ − x − 4)(x − 1) > 4 and 2 ≤ x ≤ 30; in detail, these are λ = x + 5 and x ≥ 6, λ = x + 6 and x ≥ 5, λ = x + 7 Table 4 : parameters of the possible designs in Theorem 3.4 with k ≤ k λ,x , excluding Table 3 entries. and x ≥ 4, λ = x + 8 and x ≥ 3, λ ≥ x + 9 and x ≥ 2. For each such pair we determine a suitable k λ,x . The following choices for k λ,x are appropriate: k x+5,x = 6x + 309 when x ≥ 6, k x+6,x = 4x + 109 when x ≥ 4, k x+7,x = 3x + 81 when x ≥ 3, k x+8,x = 3x + 44 when x ≥ 3, and k λ,x = 3x + 133 when x ≥ 2 and x + 9 ≤ λ ≤ λ x . For each such pair (λ, x), we determine all possible parameter sets with 2x + 1 ≤ k ≤ k λ,x meeting all the basic integrality requirements, v ≥ 2k and the Calderbank requirements. There are 39 such sets, excluding those that have appeared already in Table 3 . Three of these fail since some parameters of the corresponding strongly regular graph are not integers. The remaining 36 are listed in Table 4 .
The pairs (λ, x), where 2 ≤ x ≤ 30 and λ satisfying x + 5 ≤ λ ≤ λ x , which failed the inequality (λ − x − 4)(x − 1) > 4 are (λ, x) = (7, 2), (8, 2), (9, 2), (10, 2), (8, 3) , (9, 3) , (9, 4) and (10, 5) .
We are unable to determine if the number of standard parameter sets corresponding to the exceptional pairs in Theorem 3.4 is finite, although computational investigations suggest that such sets are rare. For (8, 2) and (9, 4), we found parameter sets which passed all our tests; namely, (1001, 65, 8, 125, 1925 ) with x = 2 and (4642, 154, 9, 273, 8229) with x = 4.
Similarly, computations for each of the four cases λ = x + 1, . . . , λ = x + 4, with x ≥ 0, suggest that the number of standard parameter sets is rare, but we have been unable to show that this number is finite in any of these cases. In each case, we found at least one standard parameter set which passed all our tests.
We end with an observation concerning certain quasi-symmetric designs whose intersection numbers are 0 and 3. Lam and Tonchev [10] classified all affine 2 − (27, 9, 4) designs. We show below that their result classifies all quasi-symmetric designs with these parameters. We need the following theorem of Majumdar [12] . 
Triangle-free quasi-symmetric designs
In this last section, some results on triangle-free quasi-symmetric designs are given. This is a topic which is of current interest. In a recent preprint, Klin and Woldar [9] remark in their paper "A further hope is that our text will help to promote future investigations of such extremely rare objects as primitive strongly regular graphs with no triangles". Recall that a strongly regular graph Γ is primitive, if both Γ and its complement Γ are connected. Both the block graph of a quasi-symmetric design and the complement of this graph are strongly regular. So quasi-symmetric designs whose block graph and its complement are connected give rise to primitive strongly regular graphs. So earlier papers, such as [1] , [25] , [18] , [11] , [19] , [20] , [21] , [22] , and [23] may be viewed under this wider umbrella.
Pawale [21] , proved the following result: Note that designs in (1) are residuals of biplanes and the design in (2) is an embeddable trivial design.
Triangle free quasi-symmetric designs (i.e. those for which the block graph has no triangles, or equivalently the design has no three distinct blocks such that any two of them intersect in x points), with x = 0 were first studied by Baartmans and Shrikhande [1] , and then by Limaye, Sane, and Shrikhande [11] . Shrikhande [25] and Pawale [20] investigated triangle-free quasi-symmetric designs with x ≥ 1. In [25, Lemma 2.5] it was asserted that for such quasi-symmetric designs λ satisfies a quadratic equation of the form Meyerowitz, Sane, and Shrikhande [18] investigated quasi-symmetric designs using MAC-SYMA.
Triangle-free quasi-symmetric 3-designs are completely classified in Pawale [19] :
